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(i) U C Copen. (ii) By(z) :={2 € C: |z — 2| < r}. (iii) C;(20) := {2z € C: |z — 2| =1}
(iv) Hol(U) = {f : U — C holonorphic }. (v) D = a domain in C.

(1) (15 marks) Let f € Hol(D), and let L be a line in C. If f(2) € L for all z € D, then

prove that f is constant on D.
(2) (10 marks) Find the following integrals:

0 / P2 4e (@) / e,
ci) 2 Ci(0) 79

(3) (15 marks) Let f € Hol(U), let 2o € U, and let f'(z9) # 0. Prove that there exists a
real number r > 0 such that

_2mi / L
f'(20) Cozo) f(2) = flz0)
(4) (10 marks) Let f € Hol(B1(0)), and let f(z1+22) = f(21)+ f(22) for all 21, 20 € B4(0).
Prove that there exists a scalar a such that f(z) = az for all z € B;(0).
(5) (10 marks) If f € Hol(D), and let f has distinct zeros z1, ..., z, with multiplicities
mi, ..., My, respectively. Prove that there exists g € Hol(D) such that

f=GE=2a)" (2= 2)"y,

on D.
(6) (10 marks) Let D be a domain in R?, and let u and v are harmonic functions on D.

True or false (with justification): (i) w -+ v is harmonic. (ii) uv is harmonic.
(7) (15 marks) Prove that for all polynomial p € Cl[z],

sup |zt —p(2)| > 1.
2€C1(0)

(8) (10 marks) Let f be a non-constant entire function. (i) Prove that the range of f is

dense. (ii) If |f| =1 on C1(0), then describe f.
(9) (15 marks) Let {a,} C C, let

o0

> an| < oo,

n=0
and let

o0
An

o =0
n=0

for all integer £ > 2. Prove that a,, = 0 for all n.



